The purpose of this paper is to introduce some new classes of functions by using b-open sets. We investigate some of their fundamental properties and the connections between these functions and other known existing topological functions are studied.
Introduction and Preliminaries
Functions and of course open functions stand among the most important notions in the whole of mathematical science. Many different forms of open functions have been introduced over the years. Various interesting problems arise when one considers openness. Its importance is significant in various areas of mathematics and related sciences. Since 1996, when Andrijevic [1] has introduced a weak form of open sets called b-open sets. In the same year, this notion was also called sp-open sets in the sense of Dontchev and Przemski [2] but one year later are called γ-open sets due to El-Atik [3] .
The purpose of the present paper is to continue the study of related functions by involving b-open sets. In the second section, we obtain some characterizations of contra pre-b-open and contra pre-bclosed functions. In the third section, we investigate the group structure of the family brh(X, τ ) ∪ contbrh(X, τ ), where brh(X, τ ) is the collection of all br-homeomorphism and contbrh(X, τ ) is the collection of all contra-br-homeomorphism.
Throughout this paper, spaces means topological spaces on which no separation axioms are assumed unless otherwise mentioned and f : (X, τ ) → (Y, σ) denotes a function f of a space (X, τ ) into a space (Y, σ). Let A be a subset of a space X. The closure and the interior of A are denoted by Cl(A) and Int(A), respectively. [2] , γ-open [3] ) (resp. regular open [4] , α-open [5] , preopen [6] 
The union (resp. intersection) of all b-open (resp. b-closed) sets, each contained in (resp. containing) a set A in a space X is called the b-interior (resp. b-closure) of A and is denoted by bInt(A) (resp. bCl(A)) [1] .
subset of X; (3) strongly continuous [7] if the inverse image of every subset of Y is a clopen subset of X.
) for each open set U of X; (2) relatively weakly open [9] 
Contra Pre-b-Open Functions
Theorem 2.6 For an injective function f : (X, τ ) → (Y, σ) the following are equivalent:
As a result of the Theorem 2.6, we have the following corollary. (2) Since f is contra pre-b-closed and since bCl(A) is b-closed, then f (A) ⊂ f (bCl(A)) = bInt(f (bCl(A))) for every subset A of X.
Theorem 2.12 For a function f : (X, τ ) → (Y, σ), the following properties holds:
(1) f is pre-b-closed, whenever f is contra pre-b-closed and b-preclosed;
(2) f is pre-b-open, whenever f is contra pre-b-open and b-preopen.
Regarding the restriction f |A of a function f : (X, τ ) → (Y, σ) to a subset A of X we have the following. Theorem 2.15 For a function f : (X, τ ) → (Y, σ), the following statements are true
(2): Similar to (1) .
The proof of the following two theorems are straightforward and hence omitted. 1 (B) ).
Then by definition, f −1 (B) is b-dense in X.
which by Lemma 2.18, contradicts the fact that A is b-dense.
Contra b-Irresolute Functions
Remark 3.2 It is clear that the notions contra pre-b-openness (resp. contra pre-b-closedness) and contra b-irresoluteness are independent.
Theorem 3.3 Let f : (X, τ ) → (Y, σ) and g : (Y, σ) → (Z, η) be two functions; 1 X : (X, τ ) → (X, τ ) be the identity function on (X, τ ). Then, for the composite g • f : (X, τ ) → (Z, η) we have the following properties.
(1) If f and g are b-irresolute, then g • f is b-irresolute.
(2) The identity function 1 X :
Proof The proofs are obvious.
We shall construct some families of functions from a topological space onto itself; we construct a new group of functions. Definition 3.4 A function f : (X, τ ) → (Y, σ) is said to be:
(1) br-homeomorphism [12] if f is bijective b-irresolute and f −1 is also b-irresolute (2) contra br-homeomorphism if f is bijective contra-b-irresolute and f −1 is also contra-b-irresolute (3) b-homeomorphism [12] if f is bijective b-continuous and f −1 is also b-continuous. We use the following notation on families of two functions above.
brh(X, τ ) = {f |f : (X, τ ) → (X, τ ) is a br-homeomorphism}, contbrh(X, τ ) = {f |f : (X, τ ) → (X, τ ) is a contra-br-homeomorphism}.
For the homeomorphism group h(X, τ ), we have h(X, τ ) ⊆ brh(X, τ ). Indeed, we recall
for every homeomorphism f : (X, τ ) → (Y, σ), every subset F ∈ BC(X, τ ) and for every subset V ∈ P C(X, τ ), it is shown that f −1 (F ) ∈ BC(X, τ ) and f (V ) ∈ P C(Y, σ) hold; f and f −1 are b-irresolute. Thus, we have f ∈ brh(X, τ ) holds for every f ∈ h(X, τ ) and hence h(X, τ ) ⊆ brh(X, τ ). These properties show that brh(X, τ ) and brh(X, τ ) ∪ contbrh(X, τ ) = {1 X , h b } form groups under the composition of functions. Theorem 3.5 Let (X, τ ) be a topological space.
(1) The union of two families brh(X, τ ) and contbrh(X, τ ), that is brh(X, τ ) ∪ contbrh(X, τ ) forms a group under the composition of functions. (2) The family brh(X, τ ) forms a subgroup of brh(X, τ ) ∪ contbrh(X, τ ).
(3) The group h(X, τ ) is a subgroup of brh(X, τ ) and h(X, τ ) is also a subgroup of brh(X, τ ) ∪ contbrh(X, τ ).
f * (brh(X, τ ) ). Namely, we have that brh(Y, σ) = f * (brh(X, τ ) ). For the element b ∈ h(X, τ ), brh(Y, σ) and so f * (h(X, τ )) ⊆ brh (Y, σ X, τ ) ). Namely, we have that contbrh(Y, σ) = f * (contbrh(X, τ )).
(5) The proof is obtained by an argument similar to that in the proof of (1). Definition 3.7 For a topological space (X, τ ) and subset H of X, we define the following families of functions:
(1) brh(X, X\H, τ ) = {a|a ∈ brh(X, τ ) and a(X\H) = X\H} (2) brh 0 (X, X\H, τ ) = {a|a ∈ brh(X, X\H, τ ) and a(x) = x for every x ∈ X\H}.
Theorem 3.8 Let H be a subset of a topological space (X, τ ).
(1) The family brh(X, X\H, τ ) forms a subgroup of brh(X, τ ) and brh(X, X\H, τ ) = brh(X, H, τ ) holds. (2) The family brh 0 (X, X\H, τ ) forms a subgroup of brh(X, X\H, τ ) and hence brh 0 (X, X\H, τ ) forms a subgroup of brh(X, τ ).
Proof (1) It is shown that brh(X, X\H, τ ) is a nonempty subset of brh(X, τ ), because 1 X ∈ brh(X, X\H, τ ). Moreover, we have that ω x (a, b −1 ) = b −1 • a ∈ brh(X, X\H, τ ) for any elements a, b ∈ brh(X, X\H, τ ), where ω X = ω|(brh(X, X\H, τ ) × brh(X, X\H, τ )). Since ω is the binary operation of the group brh(X, τ ) . Thus, brh(X, X\H, τ ) is a subgroup of brh(X, τ ). Evidently, the identity function 1 X is the identity element of brh(X, X\H, τ ).
(2) It is shown that brh 0 (X, X\H, τ ) is a nonempty subset of brh(X, X\H, τ ), because 1 X ∈ brh 0 (X, X\H, τ ). We have that ω X0 (a, b −1 ) = b −1 • a ∈ brh 0 (X, X\H, τ ) for any elements a, b ∈ brh 0 (X, X\H, τ ), where ω X0 = ω X |(brh 0 (X, X\H, τ ) × brh 0 (X, X\H, τ )) since ω X is the binary operation of the group brh(X, X\H, τ ). Thus, brh 0 (X, X\H, τ ) is a subgroup of brh(X, X\H, τ ) and the identity function i X is the identity element of brh 0 (X, X\H, τ ). By using (1) above, brh 0 (X, X\H, τ ) is a subgroup of brh(X, τ ).
